This paper describes a study of the fractional flux periodicity of the ground state in planar systems on a square lattice whose boundary is compacted into a torus. It is found that, in the long length and large diameter limit of the torus, the groundstate energy and persistent currents exhibit a fractional period of the fundamental unit of magnetic flux depending on the twist around the torus axis. We discuss the possible relationship between the twist and genus of the torus and comment on the fractional flux periodicity in a cylinder. §1. Introduction
§1. Introduction
The fact that a single electron wave function has a fundamental unit of magnetic flux, Φ 0 = 2π/e, * * ) is known to be an essential consequence of quantum mechanics and is manifest in the Aharonov-Bohm effect. 1) The solid state properties of materials are governed by many electrons, and each constituent electron has Φ 0 periodicity. However, the fundamental flux period of material is not always Φ 0 . For instance, superconductors exhibit a period of Φ 0 /2, which can be understood by charge doubling due to Cooper pair formation. This becomes obvious if one assumes that a fundamental particle (or quasiparticle) has a charge of −2e due to the attractive interaction and that the fundamental flux period of a material is equal to that of the quasiparticle in the system (i.e. 2π/2e).
In Fig. 1 , we present schematic diagrams of typical experimental setups for the Aharonov-Bohm effect. Consider an electron passing over and under a very long impenetrable cylinder, denoted by the black circle in Fig. 1(a) . In the cylinder there exists a magnetic field parallel to the cylinder axis, taken as normal to the plane of the figure. The probability of finding this electron in the interference region depends on the magnetic field Φ and the interference pattern has periodicity Φ 0 . When an electron is placed in a ring pierced by a magnetic flux Φ, as shown in Fig. 1(b) , a current I, defined by differentiating the groundstate energy with respect to the magnetic flux, appears and is expected to have flux periodicity Φ 0 .
Actual mesoscopic rings contain many electrons, and non vanishing currents, known as persistent currents, 2)-4) are also expected. Although the ground state in mesoscopic rings consists of many electrons, because each electron has flux periodicity Φ 0 , one might think the flux periodicity of the system is the same as the flux In (a), electrons are emitted from the source region, denoted by the empty circle, and produce an interference pattern. In (b), a one-dimensional ring is pierced by a magnetic field and exhibits a persistent current.
periodicity of the constituent electrons. In this paper, we present an example in which the fundamental flux period of the ground state does not coincide with the flux periodicity of the constituent particle. We show that a fractional flux periodicity (Φ 0 /2, Φ 0 /3, · · · ) can be realized in a certain limit of planar systems composed of a square lattice whose geometry is a torus. * ) To analyze the flux periodicity of the systems, we consider the groundstate energy and persistent currents. These are considered suitable for examining the flux periodicity of the ground state, because they are regarded as the Aharonov-Bohm effect in solid state systems. 4) In a previous paper, 5) we studied a typical example of fractional periodicity in the Aharonov-Bohm effect. Here, we extend the theory to general cases and give a detailed derivation of the results. This paper is organized as follows. In §2, we obtain an explicit formula for the groundstate energy and plot it for different lattice structures, determining the flux periodicity numerically. In §3, we examine persistent currents and prove the existence of fractional flux periodicity in the long length and large diameter limit of a torus noting that the characteristic features of the groundstate energy can be understood in terms of the twist-induced gauge field. In §4, we give discussion and a summary of our results. In Appendix A, we prove a formula used in the text and estimate the correction to fractional periodicity. Throughout this paper, we ignore electron spin and the effect of finite temperature, and we consider a half-filling system. §2. Ground state energy
The lattice structure of a torus is specified by two vectors: the chiral, * ) given by C h = NT x + MT y , and the translational, given by T w = P T x + QT y , where N, M, P and Q are integers and T a (a = x, y) is the unit vector of the square lattice in the direction of x and y. Here, we define x and y in the two-dimensional map (see Fig. 3(b) ). The vector C h (T w ) characterizes the lattice structure around (along) the tube axis. We rewrite T a in terms of the chiral and translational vectors for later convenience as
where we define N s ≡ NQ − MP , and |N s | corresponds to the number of square lattices on the surface of the torus given by
In this paper, we take the x axis to be in the direction of C h (M = 0), and we write P = δN , representing the twist around the tube axis. Then,
is the lattice constant. We depict an example of a twisted torus in Fig. 2 , in which all sites are connected by line segments representing nearest-neighbor bonds. Fig. 3(b) . In the figure, the two lines extending upward from 'u' and downward from 'd' and possessing the same value of 'x' at the junction are not joined for a twisted torus, as shown in the inset of Fig. 3(a) . There are δN square lattices between the two lines. We consider the quantum mechanical behavior of conducting electrons on a square lattice using the nearestneighbor tight-binding Hamiltonian,
where t is the hopping integral, A ex is a constant external gauge field, and a i and a † i are the canonical annihilation-creation operators of the electrons at site i, which satisfy the anti-commutation relation {a i , a † j } = δ ij . We diagonalize H in the Bloch basis parametrized by the wave vector k and obtain
is the annihilation operator of the Bloch orbital. The energy eigenvalue of the Hamiltonian E(k − eA ex ) is given by The Bloch wave vector satisfies the periodic boundary conditions for C h and T w . Through these boundary conditions, the geometrical (or topological) characteristics of the torus, such as the twist, are entered into the energy eigenvalue. We decompose the wave vector k as µ 1 k 1 + µ 2 k 2 , where k 1 and k 2 are defined by
Here, k 1 and k 2 can be rewritten in terms of the reciprocal lattice vectors K x and K y as
where the reciprocal lattice vectors are defined by K a · T b = 2πδ ab , with a, b = x, y. The components µ 1 and µ 2 are quantum numbers (integers) and define the Brillouin zone as
where [n] represents the largest integer smaller than n. We point out that the wave vector shifts in accordance with the twist of the torus. For example, in the absence of a twist (δN = 0), k 1 and k 2 are proportional to K x and K y , respectively, and are perpendicular to each other; otherwise, they are not. The shift of the wave vector plays an important role when we consider the groundstate configuration, which we discuss below. Here, we rewrite Eq. (3) by means of Eqs. (1) (with M = 0 and P = δN ) and (4) as
where we assume A ex · C h = 0, and A ex · T w corresponds to the Aharonov-Bohm flux penetrating the center of the torus. The ground state is defined as the state for which all electronic states below (above) the Fermi surface are occupied (empty). We consider a half-filling system and set the Fermi energy as E F = 0. We define the Fermi line in the two-dimensional Brillouin zone, within which all states are occupied, as the solution of E(k) = 0, forming a square as shown in Fig. 4 (a). The side of the square (or Fermi line) is denoted by k ± and k ± . Each energy eigenstate is labeled by µ 1 and µ 2 , and thus we can specify the occupied states by µ 1 and µ 2 explicitly. In fact, the region inside the Fermi line is defined as that satisfying the relations
where we note that the Fermi lines satisfy k ± ·(T x +T y ) = ±π and k ± ·(T x −T y ) = ±π, and Eqs. (8) and (9) can be rewritten as 
For a fixed value of µ 1 , we obtain the region of µ 2 in which all states are occupied by electrons as
for µ 1 ≥ 0, and
for µ 1 ≤ 0. Here, we set A ex · T w = Φ and define the number of Aharonov-Bohm flux as N Φ ≡ Φ/Φ 0 . The groundstate energy is therefore
This is the explicit mathematical expression for the groundstate energy of a twisted torus.
Here, we plot E 0 (Φ)/4t for a variety of values of N , δN and Q as a function of N Φ and observe the characteristics of the results. structure of δN/N . We note that the Φ 0 /2 periodicity of the solid curve (δN = 1, an odd number) is accurate in our numerical results and that that of the dashed curve (δN = 40, an even number) is approximate. In addition to observing the flux periodicity, we see that the solid curve is smooth (no cusp) at N Φ = 0, for example, unlike the other two curves. Next, we examine the dependence of the groundstate energy on the diameter of the tube. Fig. 6(b) . However, in fact they are not periodic due to a small modulation of the groundstate energy. This is clear in Figs. 6(c) and 6(d). This modulation can be thought of as a finite size correction, which will be discussed in §3.
Finally, we observe the dependence of the groundstate energy on Q, shown in Figs. 7(a), 7(b), 7(c) and 7(d). Here, we note that all previous examples, except * ) This figure is a refined version of the dotted curve in Fig. 5 . for that plotted in Fig. 6(c) , possess the common feature that Q is a multiple of N . Figure 7 (a) plots the standard flux periodicity Φ 0 . In Fig. 7(c) , however, we find an approximate periodicity of Φ 0 /2, even in the absence of a twist. We note that the Φ 0 /2 periodicity displayed in Fig. 7 (d) (Q = 181, an odd number) is accurate in our numerical data.
It is important to mention that flux periodicity and the amplitude of the oscillation of E 0 (Φ) depends strongly on N , Q and δN . We discuss this dependence of the flux periodicity and amplitude in the next section. §3.
Persistent currents and interpretation of the numerical results
In the previous section, we presented a formula for the groundstate energy. By plotting the energy for different values of N, δN and Q, we found that some tori exhibit an approximate fractional flux periodicity. In this section, we present analytical results that demonstrate the fractional flux periodicity in the long length (Q 1) and large diameter (N 1) limit for a twisted torus in terms of the persistent currents. By so doing, we clarify the relationship between the lattice structure and flux periodicity. The persistent current is defined by differentiating the groundstate energy with respect to the magnetic flux Φ: 4) 
Because E 0 (Φ) consists of many energy dispersion relations as specified by µ 1 (hereafter referred to as the µ 1 -th energy band), we can write
where E(µ 1 , Φ) is the groundstate energy of the µ 1 -th energy band and is given by the sum of the energy at the µ 2 -th k points, which satisfy Eqs. (12) and (13):
Hence, the persistent current can also be decomposed into the currents of each energy band as
To calculate the persistent currents in long systems, with |T w | a (or Q 1), it is not necessary to sum over the energy eigenvalues of the valence electrons. Rather, we need only calculate the Fermi velocity of the energy band, because, when we vary the magnetic field, the change of the groundstate energy is almost completely determined by the changes of the energy eigenvalues of the electrons near the Fermi level, with those of the energy eigenvalues deep in energy bands canceling each other. Using the Fermi velocity, the amplitude of I(µ 1 , Φ) (the persistent current for the µ 1 -th energy band) is approximated by 4)
where |T w | is the system length and v F (µ 1 ) denotes the Fermi velocity of the µ 1 -th energy band. The proof of this approximation is given in Appendix A. By fixing µ 1 and expanding Eq. (7) in µ 2 around the Fermi level, we obtain the energy dispersion relation of the µ 1 -th energy band as 
First, we consider persistent currents in an untwisted torus (δN = 0). In this case, all energy bands produce the same function for the persistent current, which is a saw-tooth curve as a function of Φ with the same zero points (the value of the flux for which the amplitude of the current vanishes) but with different amplitudes. In fact, the amplitude of the total current is given by a summation of all amplitudes:
Here, we implicitly assume that Q is a multiple of N (see Appendix A). The other cases are mentioned at the end of this section. The persistent current I pc in the torus is given by I tot multiplied by −φ/π (φ ≡ 2π(Φ/Φ 0 )). * ) The linear relation between Φ and the persistent currents has a periodicity of Φ 0 , and we thus have a saw-tooth current:
It is noted that the Φ 0 fundamental periodicity obtained here is not an approximate periodicity but is exact, and also that persistent currents in a torus always possess Φ 0 periodicity. However, this Φ 0 periodicity is not always a fundamental periodicity, as is shown below. We comment on the functional form of the persistent currents. The saw-tooth persistent current is a characteristic of the non-interacting theories at zero temperature. Each saw-tooth curve loses sharpness due to disorder, or at finite temperature. 7) We note that here, and in all subsequent discussion, we are implicitly assuming that the amplitude of the persistent current vanishes at φ = 0. Generally, the zero amplitude points depend on the total number of electrons in the system and may be φ = 2πj or φ = 2πj + π, where j is an integer (see Appendix A). Regarding the flux periodicity, the zero amplitude position does not affect the results. We note also that the persistent current corresponding to the groundstate energy shown in Fig. 7 (a) can be approximated by Eq. (23) with the replacement φ → φ − π. Next, we consider a twisted torus (δN = 0). To understand the effect of a twist on the persistent currents, we introduce the twist-induced gauge field A twist . In terms of A twist , the second term on the right-hand side of Eq. (7) can be rewritten as
where we define A twist · C h ≡ 0 and A twist · T w ≡ 2πδN/N . Like A ex , A twist can shift the wave vector. However, the shift depends on the twist (δN/N ) and the wave vector around the tube axis (µ 1 k 1 ). Because of this, the coupling between A twist and the conducting electron preserves the time-reversal symmetry of the whole system. This contrasts with the fact that the time-reversal symmetry is broken by A ex . The twist behaves as an extra gauge field and shifts the wave vector along the direction of the axis, so that the zero points of the persistent current (or a saw-tooth curve) also shift. 8) As a result, in order to calculate the total current, we must sum the saw-tooth curves that have different zero points and different amplitudes, all of which depend on µ 1 . Then, we have
where I δN N (φ) is expressed as
where we assume that N is an even number. When N is an odd number, we should add the following extra term to the right-hand side of Eq. (26):
The term 1 + cos(πnδN ) in Eq. (26) vanishes if nδN is an odd number and is equal to 2 if it is even. Therefore, Eq. (26) reduces to
where C o n and C e n are given by 
The difference in periodicity for φ is clear, because sin(2nφ) has a period equal to Φ 0 /2, which is one half the fundamental unit of magnetic flux. We note that this one-half flux periodicity for odd δN becomes exact if N is an even number, which means that the groundstate energy Eq. (14) has one-half flux periodicity. (It is not necessary that Q is a large number.) The solid curve (δN = 1) in Fig. 5 is an example of the case δN = odd exhibiting exact one-half flux periodicity. This conclusion holds for any even N . For odd N , the Φ 0 /2 periodicity is not exact when N is finite, because of the relation given in Eq. (27). The accuracy of this one-half periodicity is due to the fact that the persistent current is an odd function (see Appendix A) in the absence of a twist, which provides the term 1 + cos(πnδN ) in the persistent current, even for a finite value of Q. A fundamental flux periodicity for a current yields more interesting behavior for a specific combination of N and δN . For the moment, let us fix N as an even number. We consider a particular structure for δN/N = 1/3, where δN is an even number. In this case, the fundamental period of C e n is 3 (i.e., C e n+3 = C e n ), which shows that there may exist a Φ 0 /3 fundamental period in the currents. In fact, when N 1, we have C e 1 = C e 2 ≈ −8π/3N and C e 3 ≈ 2N/π. We then obtain
where in the last line we have assumed −π/3 < φ < π/3. The fundamental flux period of Eq. (30) is Φ 0 /3. It should be noted that this argument can be applied to other twisted structures. For instance, when δN/N = 1/Z (1/Z = 1/4, 1/5, · · · ), we obtain another fractional period of Φ 0 /Z. We note that the total persistent currents are still saw-tooth curves, as expected from the non-interacting theories. The groundstate energy corresponding to Z = 2 and Z = 4 is plotted in Fig. 5 by dashed and dotted curves. It is seen that there remains a finite energy modulation that prevents the fractional periodicity from being exact. It is noted that, in the large diameter limit (N 1), the same behavior holds for odd N . Finally, let us remark that the amplitude of the current exhibits a nontrivial dependence on Φ when N → ∞ with a fixed value of δN . If we divide I δN N (φ) by N and take the limit of N → ∞, we then obtain * ) When δN 1, we sum n in the above equations and obtain
where we have used the following formulas:
In Fig. 8 , we plot the persistent currents of Eq. (32) for the cases of even and odd values of δN as functions of φ. It should be noted that the persistent currents are not standard saw-tooth curves, even though we are considering non-interacting electrons, and the functional form of the expression given in Eq. (32) for δN is an odd number similar to sin(2φ), but not identical (see Fig. 8 ). The solid curve (δN = 1, an odd value) in Fig. 5 can be regarded as an (approximate) example of Eq. (31) and is a smooth curve as a function of Φ. We now summarize our results. * ) (1) If N is an even number, there exists an exact one-half flux periodicity when δN is an odd number. (2) In the long length (Q 1) and large diameter (N 1) limit, the fundamental flux period of the ground state becomes a fractional value Φ 0 /Z, depending on the ratio of the twist, δN , to N (1/Z = δN/N ), although we do not assume any interaction that can form a quasiparticle of charge Ze. (3) As N → ∞ with fixed δN , the currents are not of the standard saw-tooth form, as is normally obtained from non-interacting theories at zero temperature.
The primary factor in these results is the Fermi surface structure of the square lattice. It appears that many energy bands cross the Fermi level when we roll a planar sheet into a cylinder, and electrons near the Fermi level in each energy band contribute to the persistent currents, which interfere with one another due to the twist. This point can be made clear by comparing a square lattice with a honeycomb lattice (which possesses only two distinct Fermi points at half-filling). In this case, we can observe at most an approximate Φ 0 /2 periodicity. 8) Finally, we briefly discuss the dependence of persistent currents on the value of Q. To this point, we implicitly assumed that Q is a multiple of N . For a general Q and a general structure (different chiral and translational vectors), the persistent currents are not as simple 8) as the results obtained above. For example, when the remainder of Q/N is an odd number, there may exist one-half periodicity even in the absence of a twist [see Fig. 7(d) ]. Furthermore, another fractional period may appear for a specific value of Q in a certain limit. This complication can be understood from Eqs. (12) and (13) . For the µ 1 -th energy band, we have the occupied states
Now, suppose Q is an even number and we set Q = nN + δQ (n is an integer). Then the above inequality reduces to
which shows an asymmetry between the left and right Fermi points in the µ 1 -th energy band, because of the (δQ/N )|µ 1 | term. In fact, it seems that this term is not the gauge field presented in this paper. However, if δN = 0, we can obtain several consequences from the point of view of a twist-induced gauge field. We consider both the µ 1 -th energy band in the first (second) quadrant and the −µ 1 -th energy band in the third (fourth) quadrant of the Brillouin zone (see Fig. 4 ) and examine the persistent current contributed from these regions. In this case, for a fixed value of µ 1 , we obtain the following region of µ 2 , in which all states are occupied by electrons:
This shows that the remainder δQ can be regarded as a twist-induced gauge field and have a similar effect as the twist, which is clear when we compare Eq. (37) with Eq. (35). Therefore, we can apply the same analysis to the case of a non-vanishing remainder of Q/N , even in the absence of a twist. . Schematic diagram of (a) a twisted torus studied in this paper and (b) a cylindrical geometry studied by Cheung et al. 12) Both surfaces are made from a square lattice. Table I . Nontrivial flux periodicity of tori. For even N , there exists one-half flux periodicity when δN (δQ = 0) or δQ (δN = 0) is an odd number. In the long length (Q 1) and large diameter (N 1) limit, we obtain a fractional flux periodicity depending on δN/N or δQ/N .
Lattice Structure and Flux Periodicity
composed of a square lattice in the half-filling case, and we found that the correction to the amplitude of persistent currents scales as O(N/Q 3 ). With regard to the one-half flux periodicity (Φ 0 /2), we found that if N is an even number, an odd δN or δQ gives an exact Φ 0 /2 periodicity in the persistent currents. Table I summarizes the relationship between the lattice structure and the flux periodicity of persistent currents. First, we classify the tori into two types, depending on whether or not δQ is zero, where δQ is defined as the remainder of Q/N . As we discussed above, for δQ = 0 and δN = 0, we can obtain results similar to those for the case δQ = 0, by setting δN = δQ. Furthermore, for the case N → ∞ with a fixed value of δN ( 1), the persistent currents are not standard saw-tooth curves, as predicted by non-interacting theories at zero temperature. 
